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MASS ENDOMORPHISM AND SPINORIAL YAMABE TYPE PROBLEMS ON 

CONFORMALLY FLAT MANIFOLDS 

BERND AMMANN, EMMANUEL HUMBERT AND BERTRAND MOREL 


Abstract. Let M be a compact manifold equipped with a Riemannian metric g and a spin structure a. 
We let [s , ]’ <T ) = inf ge[ 9 ] A+ (g)Vol ( M. g ) 1 / n where (g) is the smallest positive eigenvalue of 

the Dirac operator D in the metric g. A previous result stated that A+ in (Af, \g ]. a) < A^ in (S n ) = ^u>l/ n 
where w n stands for the volume of the standard n-sphere. In this paper, we study this problem for 
conformally flat manifolds of dimension n > 2 such that D is invertible. E.g. we show that strict 
inequality holds in dimension n = 0,1,2 mod 4 if a certain endomorphism does not vanish. Because 
of its tight relations to the ADM mass in General Relativity, the endomorphism will be called mass 
endomorphism. We apply the strict inequality to spin-conformal spectral theory and show that the 
smallest positive Dirac eigenvalue attains its infimum inside the enlarged volume-1-conformal class of g. 
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1. Introduction 

Let (M,g,cr) be a compact spin manifold of dimension n > 2. For a metric g in the conformal class [g\ 
of g , let Xi(g) be the smallest positive eigenvalue of the Dirac operator D. Similarly, let Aj~(< 7 ) be the 
largest negative eigenvalue of D. We define 


and 


A+ in = mf Xt(g)Vol(M,~9) 1/n 

9&[g] 

A min( M ’ [s], cr) = inf |Aj" (g)\ Vol (M,g) 1/n 
9£[g\ 


It was proven in lAmm 03 . that 

A min( M Jff]w) > 0 and A n 


iW [5]w)) > 0. 


Several works have been devoted to the study of this conformal invariant. A non-exhaustive list is 
Hij86| [Hij9 1| ILotSBl IBar92l IAmm03al IAmm03b| . In |Amm03| . we proved the following result: 
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Theorem 1.1. Let ( M,g,cr) be a compact spin manifold of dimension n> 2. Then 

Tl — 

A iin( M >[3]> 0 ') < A iin( § ") = g md A min( M j5],0-) < A+ in (§"), 

where uj n stands for the volume of the standard sphere . 

The strict inequalities 

Tl — TL — 

A min( M > [sh cr) < ^ and A min( M : [S'], ^ , ( 1 ) 

have several applications. At first, when n > 2, together with Hijazi inequality, each one of the two 
inequalities 0 implies the existence of a solution of the Yamabe problem. This problem is a famous 
problem of conformal geometry which has been solved by Aubin |Aub76| and Schoen ISch84| . 

Another application of the inequalities 0 is the solution of a conformally invariant PDE which can be read 
as a nonlinear eigenvalue equation for the Dirac operator. The nonlinearity involves a critical exponent 
from the point of view of Sobolev embeddings and hence, this PDE cannot be solved by standard methods. 
Moreover, from this solution, one can construct a generalized metric g (see lAmm CUB lAmmQBal) such 
that Volg(M) = 1 and such that (g) = A+ in (M, \g\, a) (resp. Xf(g) = A“ in (M, \g],cr)). In other words, 
this proves that A+ in (M, [g\,a) (resp. A“ in (M, \g],u)) is attained by the generalized metric g. 

In this paper we are interested in obtaining the inequalities 0 when M is a conformally flat manifold 
of dimension n > 2 such that D is invertible. In this goal, we introduce in section 2 the notion of mass 
endomorphism. This endomorphism corresponds to the constant term in the development of the Green 
function for D near the diagonal with respect to a conformal chart. In Remark 12.121 we will show that the 
pointwise eigenvalues of the mass endomorphism are all real. The mass endomorphism plays the same 
role as the constant term of the Green function y( • , p) of the Yamabe operator. In the Yamabe problem, 
the constant term of 7 can be interpreted as the mass IADM62| of the asymptotically flat manifold 
(M \ {p},q( • ,p) 4 ^ n ~ 2 ^g) (see also EP87l h This is why we use the name mass endomorphism. Schoen 
shows in |Sch84l that the positivity of the mass implies the solution of the Yamabe problem. In this 
paper, the eigenvalues of the mass endomorphism play the same role as the mass in Yamabe problem. 
Namely, we obtain the following result: 

Theorem 1.2. Let (M,g,cr) be a conformally flat compact spin manifold of dimension n > 2 with 
ker(D) = {0}. Assume that the mass endomorphism (see next section) possesses a positive (resp. negative) 
eigenvalue. Then 

A min( M > [S'], ( reS P■ A min( M > \sl <?)) < A min( S ”) = | ■ 

Assume that n 3 mod 4, then the spectrum of the Dirac operator and the pointwise spectrum of the 
mass endomorphism are symmetric (see Subsection 120 . In particular, 

A min( M > [g\, ct) = A“i„(M, [fir], a). 

This implies 

Theorem 1.3. Let (M,g,a) be a conformally flat compact spin manifold of dimension n > 2 with 
ker (D) = {0}. Assume that n jk 3 mod 4 and that the mass endomorphism a is not identically zero. 
Then 

Tl — Tl — 

A min( M > M.O-) < A min( § ”) = ^ aTld A min( M > [ff]: 0 ’) < A min( §71 ) = ^ ^ ■ 

This is no longer true if n = 3 mod 4. In Example I2J51 we study the real projective spaces RP 4fe+3 . 
Here the mass endomorphism is a non-vanishing multiple of the identity section, hence has constant sign 
which depends on the spin structure. Furthermore, the two spin structures < 7 + and cr_ on RP 4fc+3 satisfy 

X- in ^P ik+3 ,go,a + ) > A+ n (RP 4 fe+ 3 , 3 o ,<T + ) = | (if)” , 

XT n (RP Ak+ 3 ig o,a-) > A- in (RP 4fe+3 ,<?o,a_) = ^ ' 
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Hence, as predicted by Theorem 11.21 either A+ in or A min is smaller than [n/2)un n . As a remark, if 
min(A+ in (RP 4fc+3 , go, cr_), A“ in (RP 4fe+3 , go, er_)) < (n/2)ul/ n then the infimum in the definition of A^ in 
would be attained by a metric of non-constant curvature. It is then natural to think that we cannot 
obtain the strict inequality 0 for A+ in and A min for all manifolds of dimension n = 3 mod 4. 

In order to prove inequalities 0 for arbitrary conformally flat manifolds of dimension n > 2 such that D 
is invertible, then one has to find some nonzero eigenvalues of the mass endomorphism. Some questions 
arise naturally. At first, on the sphere S n , the mass endomorphism is null. Otherwise, we could apply 
Theorem o One may wonder if the mass endormorphism is not always zero. The answer is no since 
as mentioned above, the projective spaces give examples for which the mass endomorphism is a nonzero 
multiple of the identity. 

Recall once again that the constant term of the Green function of the Yamabe operator can be interpreted 
as the mass of an asymptotically flat manifold; according to the positive mass theorem it is positive unless 
is M is conformally diffeomorphic to §™. Then, one could hope to find a result of the same type for the 
mass endomorphism. However, we show that this is false in general. Namely, we show in Section 0] that 
the mass endomorphism of flat tori always vanishes. 

2. The mass endomorphism 

In the following, we assume that ( M,g,a) is a conformally flat manifold of dimension n > 2. We also 
assume that D is invertible, i.e. that ker(D) = {0}. The mass endomorphism is defined as the constant 
term in the Green function for D. In this section, we give a precise definition and some properties of the 
mass endomorphism. 

2.1. Trivialization of the spinor bundle. Let p : U C ( M,g ) —> V C ( N,gx ) be a conformal map 
preserving orientation and spin structure. We write g = f 2 p*gN■ Then according to Hdit74j [Hij86| there 
is a fiberwise isomorphism 

p* : EM|(j 

I 

U 

such that Djyp^ip = fp^Dip for all ip G T(EM) and / ~p * is an isometry, where D and D]y denote the 

Dirac operators on M and N. The most important case we will use is that N is Euclidean space, i.e. p 
is a conformal chart of (M, g) preserving orientation and the spin structure. In this case the above map 
yields a well chosen trivialization of the spinor bundle. 

The definition of the mass endomorphism will be done by working with a conformal charts. For simplicity 
we will first define it in the special case that g is flat in a neighborhood of a given base point, and then 
extend it to the general case. 

2.2. Green function for the Dirac operator. Let 7 Ti,7T2 : M x M —> M be the projection to the first 
and second component. Then we define 

EM m EM* := 7T*(EM) <8 (tt^EM))*, 

i.e. it is the bundle whose fiber over (x,y) is given by Hom(E y M, E X M). Let A := {(p,p)\p G M} be 
the diagonal. 

Definition 2.1. A smooth section Gd : M x M \ A —» SAf EM* that is locally integrable on M x M 
is called the Green function for the Dirac operator D if in the sense of distributions 

D x (GD(x,y)) = S v Ids: y M 

In other words, we have for any y £ M, ipo G E y M, and <p G T(EM) 


EA| y 

I 

V, 


{G D {x,y)ij)o,D*p(x))dx = {ip 0 ,<p(y))- 
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For k : M x M \ A —> EM E EM* we denote the corresponding integral operator by P*., i.e. we define 
for <p G r(EM) 

P k (p){x) := J k(x,y)p(y)dy. 

If k is smooth on M x M\ A and locally integrable on M x M, then the integral exists in the principal value 
sense of distributions. Pk uniquely determines k. In this notation Pg d is the inverse of D : Lj(EM) —> 
L 2 (EM). Hence, the Green function is unique. 


Remark 2.2. Analogously, one can define the Green function of Euclidean space as a section G eU ci : 
R" x R™ \ A —> EM IEI EM* such that Pc eucl is the inverse of D euc i : Lf (EM) —> L 2 (EM). Again we have 
unicity. One easily checks that 


Geucl (*G V ) 


1 x-y 
U) n -i \x - y\ n 


In our construction of the test spinor, we will need the asymptotics of Green functions close to the 
diagonal. This is provided by the following proposition. 


Proposition 2.3. Assume that the metric is flat near y G M, and let p be an isometric chart. Then, 
the Green function Gd for D exists, and in the above trivialization has the following expansion when x 
tends to y 

x — y 

Vn -1 G D (x,y)ijjo = - I-TT • ifo + v{x,y)f >0 

\x - y\ n 

where D x v(x,y)(ipo) = 0 on a neighborhood of y. 

Proof: Let Gu eucl be the Green function for Z? euc i on R n given by Remark 12.21 We take a cut-off 
function r] with support in B y {5 ) which is equal to 1 on B y {8/ 2) where 8 > 0 is a small number. We set 
3>(x) = y(x)GD eucl {x, y) ■ ipo where ifo is constant. The spinor $ is harmonic on B y {8/ 2) \ {y}. We extend 
$ by zero, and obtain a smooth spinor on M \ {y}. As D^\B y (s/ 2 ) = 0, we see that D' I> extends to a 
smooth spinor on M, denoted by U/. Since D is assumed to be invertible, there exists a smooth spinor 
field ( such that DC, = — 'F. We then define GD(x,y)ifo := ^(a:) — ((x ). It is easy to see that Gd is the 
Green function for D and has the development described above. As and hence £ depend smoothly on 
y , it is clear that Go{x,y) depends smoothly on y outside of the diagonal. □ 


Lemma 2.4 (Conformal change and Green functions). Let p : ( M,gM,cr) —> (N,gN,a]y) be a conformal 
diffeomorphism preserving the orientation and the spin structure and write gM = f 2 P*9 n ■ Let Gm resp. 
Gn be the Green function on M resp. N, then 

Gn{p{x), p(y)) = f n ~ 1 (y)p*,x oG M (x,y) op;]. 

Proof. We already know that Djy = f p*Dp~ x . This implies 

p G N = D- 1 = p*D~ x pf 1 f~ x = p.PgmP^T 1 , 

Hence, 

Gn(p(x), p{y)) dfj. N (p(y)) = f~ 1 (y)p*, x ° G M (x, y) o pf) y dp.(y). 

With dp, = f n dpN this implies the lemma. □ 

In particular, the previous proposition and the lemma imply that the Green function Gd for D exists on 
any conformally flat manifold for which D is invertible. 


Example 2.5. If <p\ is an eigenspinor for the eigenvalue A of D, and if Gd is the unique Green function 
for D , then 

[ G D {x,y)p\(y)dy =\p x {x) 

Jm 


A' 


Example 2.6. Let p : S n \ {./V} 


be the stereographic projection. Then 
2 

/ z l 

= 


\p(x)\ 2 + 1 


P Qeucl’ 
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Let Gs n be the Green function on S n . An obvious modification of Lemma IP tells us that 

( 2 \ 1_n 

P*G S « (x,y)pt , 1 = | , .. 2 - - G euc i{p(x), p(y)). 


\\p{y)\ 2 +1 


Example 2.7. Let p : S n —> S n be a Moebius transformation of S n with gs *> = f 2 p*(gs n )- Then 

G S n(x,y) = f n ~ 1 {y)p*,x o G s ^{x,y) o p-^ y . 

In the sequel the following self-adjointness result for Gd will be important. 


Proposition 2.8. Let V be an open set of M in which g is flat. Then, for all x ^ y £V, Goixpy)* = 
Gn{y,x). In other words, 

(G D (x,y)ip y , (p x } = (if y ,G D (y,x)ip x ) 
for all if y £ E y M and p x £ E X M. 


Proof: We have 

P G D = (D "T = (D *)- 1 = D - 1 = P Gd . 

As the operator uniquely determines the kernel, this implies the proposition. □ 


Proposition 2.9. Assume that we have two metrics g\ and g 2 on M, g\ = f 2 g 2 . We assume that both 
metrics are flat in a neighborhood U of y. We define v\ and V 2 as above. Then 

vi(x,x) = f 1 ~ n v 2 (x,x) 


Proof. Let G 1 (resp. G 2 ) be the Green function for g\ (resp. g 2 ). We identify spinors via p*. By Lemma 
IP G 1 and G 2 are related by the following formula: for all x,y £ M, 

G 1 (x, y ) = f 1 - n (y)G 2 (x,y) (2) 


Let hi : ( U,g\ ) —> R n and h 2 : ( U,g 2 ) —> R" be isometric embeddings. According to Liouville’s theorem 
the conformal diffeomorphism h 2 o hf 1 : hi(U) —> h 2 (U) extends to a Mobius transformation of the 
Alexandrov compactification S n of R”. Because of Examples 12.(il and IP this implies that 

Gl uc i(x,y) = f 1 ~ n (y)G 2 uc i(x, y). 


Subtracting this from m, and taking the limit x —> y one obtains the desired formula. 


□ 


2.3. Definition and first properties of the mass endomorphism. The mass endomorphism is 
defined as the constant term of the Green function for D with respect to a conformal chart. Let us make 
this precise. 

Definition 2.10. Let ( M,g ) be a compact manifold which is conformally flat on a neighborhood of 
y £ M. Choose a metric g £ [g\ that is flat on a neighborhood of y and such that g y = g y . Let Gd be 
the Green function for D. Then we define the mass endomorphism as 

. E y(M) -+ E y(M) 

v ' f’o >->■ v(y,y)(fj 0 ) 
where v is as in the previous paragraph with respect to g. 

Because of Proposition 12.91 this definition does not depend on the choice of g. 

Proposition 2.11. For each y £ M, the mass endomorphism a y is linear and self-adjoint. 

Proof: Let y £ M and i/>o, <Po G E y (M). We have 

x — y 

otyfif 0) = Urn u) n -iG D (x,y)f > 0 + 1-jr- • V’o 

x^y \x — y\ n 

It follows immediately that a y is linear. Taking the limit when x —> y one gets that 

(Oiyitp o),<Po) = (l/j 0 ,Ot y (<po)) 


□ 
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Remark 2.12. Proposition 12. 1 ll immediately implies that the mass endomorphism has only real eigenval¬ 
ues. 


Remark 2.13. If dimM = 2,3,4 mod 8 , then the spinor bundle carries a quaternionic structure, i.e. a 
basepoint-preserving, parallel, complex anti-linear map Q : EM —> EM with Q ~ 4 commuting with the 
Clifford multiplication. As a consequence Q commutes with D, Gd and with a. 

2.4. Examples. 

Example 2.14 (Flat tori). Let (M,g) be an n-dimensional flat torus. It carries 2 n spin structures. For 
one spin structure, the so-called trivial spin structure, we have a rank(EM) = 2-dimensional space of 
parallel sections. All other spin structures admit no non-trivial parallel spinors. Because M is scalar-flat, 
the kernel of D consists exactly of the parallel spinors, in particular D is invertible for all non-trivial 
spin structures y. Because translations act spin-isometric on (M, g, y), the Green function Gd satisfies 
Gd{x, y) = Gd(x - y, 0). Also D x (Gd(v,x)) = -S(x - y ), hence Go(x,y) = -Gd{v,x). Therefore, all 
terms of even order in the development of Gd have to vanish. In particular, the mass endomorphism 
vanishes. 


Example 2.15 (Real Projective Spaces). Besides RP 1 = S 1 , the only real projective spaces that are 
orientable and spin are RP 4fc+3 with k € N. The space M = RP 4fc+3 carries exactly two spin structures. 
The universal covering 7 r : S 4k+3 —>• RP 4fe+3 induces a push-forward of the spinor bundles, which is a 
fiberwise isomorphism 7 r* : EpS ' 4fc+3 —> E^.( p )KP 4fe+3 . One calculates 


R p 4 !=+ 3 

Lx D 


( 7 tx, Try) 


O 7T* 


= n*G^ k+ 3 (x,y) + tt^G ^ 3 (x, -y), 


( 3 ) 


where —y denotes the antipodal point of y. Stereographic projection based in y ^ { x , — x } defines a 
conformal chart containing x and —x. Example 12 .(il implies that Gp +3 (x, — x) 7 ^ 0. Hence, the mass 
endomorphism a,)^ of RP 4fc+3 does not vanish anywhere on RP 4fe+3 . 

The group of orientation preserving isometries fixing 7 r(x) is SO(4fc + 3). After passing to the double 
cover Spin(4fc + 3), we obtain a Spin(4fc + 3)-action on ES 4k+3 , that pushes down to a Spin(4fc + 3)-action 
on ES 4k+3 which commutes with the Dirac operator. Hence, this action also commutes with the mass 
endomorphism, and as the Spin(4fc + 3)-action on E 7r ( a; )RP 4fc+3 is irreducible, the mass endomorphism 
is a constant multiple of the identity |LM89I Prop. 1.5.15], IFriOOl section 1.5]. If one changes the spin 
structure, then the second summand in m changes its sign. Hence, the sign of the mass endomorphism 
depends on the choice of the spin structure, which are denoted by < 7 + and er_. 


2.5. Endomorphisms generating symmetries. The aim of this section is to show that if n ^ 3 
mod 4, then there is an automorphism r(Autj{(EM)) that anticommutes with the Dirac operator. This 
result is well-known, see for example IFriOOl 1.7], |Dah031 Prop. 5]. As a consequence, one sees that it 
also anticommutes with the mass endomorphism. 

Let {W, 7 ) be an irreducible complex representation of the Clifford algebra of an Euclidean vector space 
V of dimension n. After fixing an orientation on V, one can define 

w 7 := q(ei • ... • e n ) £ End(IF) 

where ei,..., e n is an oriented orthonormal basis on V, and where 7 denotes Clifford multiplication. One 
easily calculates 

u 2 \= (-l) n (" +1 )/ 2 . 

As a consequence the eigenvalues of lo are contained in { — 1, 1 } if n = 0, 3 mod 4, and they are contained 
in {— i, i} if n = 1, 2 mod 4. 


The case n = 0 mod 2. 

If n is even, then Clifford multiplication by a vector v € V anticommutes with to. Hence, if a is an 
eigenvalue lo, then so is —a. One immediately obtains the well-known lemma. 

Lemma 2.16. If n is even, then to is a complex-linear automorphism ofW anticommuting with Clifford- 
multiplication. 
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Indeed, it can even be shown that up to automorphisms there is only one irreducible representation in 
even dimensions n and that any endomorphism anticommuting with Clifford multiplication with vectors 
is a multiple of us. 

The case n = 1 mod 4. 

The question arises, whether there is a similar endomorphism if n is odd. In this case, Clifford mul¬ 
tiplication with a vector commutes with us. Hence, by Schur’s lemma us has only one eigenvalue. For 
n = 1 mod 4 we have either us = i Id or us = — i Id, and it can be shown, that there is exactly one 
irreducible representation of V with us = 7 Id denoted by (IT 1 , 7 *), and one with us = —* Id, denoted 
by (W~ l If we replace the complex structure on IT ±4 , by its complex conjugate one, then this 
is again a representation of the (real) Clifford algebra of V. Obviously, us changes sign by conjugation. 
Hence, there is a conjugate linear isomorphism of Clifford representation a : W 4 —> W~ l . Another way 
to modify the structure of (IT 1 , 7 *) is to reverse the sign of Clifford multiplication by vectors. Namely, 
we define a Clifford multiplication r 4 : C 1{V) —> End(IT) as r 4 (X) := —7 '(X) for all vectors X in V. 
Again, we calculate that the sign of us changes if we replace t 1 by 7 % and there is a complex linear 
isomorphism of vector spaces (3 : IT - * —> IT 4 with f3 o 7 - 4 (X) = t 4 (X) o (3 for any vector X £ V. Hence, 
is := (3 o a : IT 4 —> IT 4 is a conjugate linear automorphism of vector spaces, and for vector X we have 

7 *(X) o is = —t‘(X) o (3 o a = — f3 o 7 *(X) o a = —is o y 4 (X). 

A similar endomorphism of IT -4 is given by a o j3. We have proven the following lemma. 

Lemma 2.17. If n = 1 mod 4, then there is a real vector space automorphism ofWanticommuting 
with Clifford multiplication by vectors. The automorphism is conjugate linear. 


The case n = 3 mod 4. 

The case n = 3 mod 4 is different. Again, we have us = Id or us = —Id, and there is exactly one irreducible 
representation (IT , 7 ^ in each case. However, conjugation does not exchange the representations, and 
the sign of us is invariant under real automorphisms. Hence, an isomorphism as in the above lemma 
cannot exist. 

For all n ^ 3 mod 4. 

Any automorphism is anticommuting with Clifford multiplication, commutes with bivectors X ■ Y where 
X , Y £ V. As the Lie algebra of Spin(n) is generated by elements of that form, such an isomorphisms is 
is Spin(n)-equivariant. We obtain the well-known 

Proposition 2.18. If n = 0,1, 2 mod 4, then there is a real vector bundle isomorphism is : E M —s EM 
anticommuting with Clifford multiplication by vectors, complex linear if n is even, and conjugate linear 
if n = 1 mod 4. Furthermore, is is parallel. 

It follows that it anti-commutes with the Dirac operator, the Green function and the mass endomorphism. 

Corollary 2.19 (Well-known, e.g. [APS7fij l. The spectrum of the Dirac operator is symmetric in dimen¬ 
sion n ^ 3 mod 4. 

Corollary 2.20. The pointwise spectrum of the mass endomorphism is symmetric in dimension n ^ 3 
mod 4, i.e. if X is an eigenvalue of the mass endomorphism a x for an x £ M, then —A is also an 
eigenvalue of a x with the same multiplicity. 

Corollary 2.21. If dim M = 2, then the mass endomorphism a vanishes. 

Proof. The spectrum of a y is symmetric and real. As a commutes with the quaternionic multiplication 
Q , the eigenspaces of a are quaternionic vector spaces. dimE^M = 2 implies that a y = r y Id for r y £ R. 
As the spectrum of a y is symmetric, we obtain r y = 0. □ 
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3. The estimates 


Let if £ r(EM) and define 


The first named author proved in IA mm on that 

A m in ( M , [ 9 \,°) = inf-7WO ( 4 ) 

b 

where the infimum is taken over the set of smooth spinor fields for which 

(/ ?fle{Dif,if)v^J > 0 . 

By adjusting some signs appropriately, one obtains by the same reasoning that 

A min( M , |>], cr) = inf-JO) (5) 

b 

where the infimum is taken over the set of smooth spinor fields for which 

(^J ?fle{Dif,if)v^J < 0 . 

These two facts will be helpful to prove the following theorem 

Theorem 3.1. Assume that there exists on ( M,g ) a conformal metric g p £ [ 5 ] which is flat in a neigh¬ 
borhood of a point p. If there exists on M \ {p} a spinor field if satisfying 

• Dif = 0 

• if admits the following development near the point p: 

X 

if = — ■ ifo+ifi + 0 

where ifo and if\ are two spinors of H P M such that 

9te((tf 0 ,ifi)) < 0 (resp. $te((tf 0 ,ifi)) > 0) , 
and where 9 = 0(r) is an harmonic spinor field smoothly defined in a neighborhood of p. 

Then we have 

A min( M , 0 ],cr) < - (resp. A" in {M, [g],cr) < -wjj . 

Proof. The proof is based on a suitable choice of a test spinor field tf £ to estimate .J(if e ). We let 


As a first step, we consider for a given $ the spinor defined by 

<p±(x) ■= f(\x\)%(lTx)-$ Va: £ R”. 

One may compute that 

D^) = ±nf(\x\)<p ± . 

Since the Euclidean space (K" \ {0}, 4 f 2 g euc i) and the standard sphere ( 8 ”, go) are isometric and using 
the conformal covariance of D, it is well known that there exists a natural map 

T(E(R"\{0})) - L(£(S n )) 
ip h-f m(ip) 

such that for all vector field p £ r(£(R" \ { 0 })), we have 

m(D(ip)) = 2fD§r>(m(<p)) 
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As one can check the spinor field m(ip + ) is a Killing spinor on S" to the Killing constant — whereas 
m.(ip-) is a Killing spinor on § n to the Killing constant +5. One gets that 

Jr"(<^ ± ) = 

where Jr™ is the functional J written on R". Now, fix e > 0 and let (*1, • • • ,x n ) be local coordinates 
on a neighborhood U of p in M. On U , we trivialize the spinor bundle via parallel transport. Using this 
trivialization, one may define for x £ M , 


=h ± 

<P S ~VO<P (-) 

where 770 is a cut-off function equal to 1 on B(p, 5 ) ( 5 is a small number). 

We would like to have test spinors rp± with ± f (Di/j± 1 ip±) > 0 for which the strict inequalities 

77, .2. 

±J{ip±) < -w,? 

hold. For a given e > 0 we set 

1 P f „ 

P= £ — e 0 :=^f( i)7. 

£ £ 

The test spinor we use here is the following: 




/(l)S(l= F f).^oT£oV’i 

=F£o(V’- ? 7 0 )+ ) 7/(f)^^o 


T£oip 


if r < £ , 

if £ < r < 2 £ , 
if r > 2£ , 


( 6 ) 


where r = \x\, where 77 is a cut-off function which equals to 1 on B(p , £), which is zero on the complement 
of B(p, 2 £) and which statisfies 

. 2 
IV77I < -. 

Note that tpf 1 is continuous on M. 


Remark 3 . 2 . It should be pointed out that this choice of £ is arbitrary in the following sense. The proof 
of Theorem l 3 . II still holds for any choice of £ = e q for q ^ [■ 

We can assume without loss of generality that |tA)| = 1 . Since 7 p and 9 are harmonic near p , we have 


Therefore, since |(1 =F §) ■ V’ol 2 


± 7 /(i) f+1 (lT|)^o 

if r < £ , 

±£ 0 Vt7 • 9 + /(y)^ V?7 • tpo 

if £ < r < 2£ , 

0 

if t > 2£ . 


(1 + ^)|V>o| 2 = /(§) 1 , we have 


mi 


m 


= ?7"+ 1 £ r, + 1 /( r ) 71 if r < £, 


n + i = 


± £o V77 • 9 + /(f) 2 V?7 • t/) 0 1 "+ 1 


if £ < r < 2£ , 


( 7 ) 


( 8 ) 


lo 


if r > 2p 
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In the following, the notation C will stand for positive constants (eventually depending on the dimension 
n but not on e) which can differ from one line to another. Equation © yields the following estimates: 




i -I- i 2rt 2n In 

\D^f\ n + 1 =£ ™ + l n n + l 




f n < £ n -^FTn^Pr 


r 


and 


I B(pM)\B(p,£) 


\D^\— < C 




I B(p,2()\B{p,Z) 


I eoVt? • e\ «+i + C' f |/(-) V?7 ■ ipo\"+ 1 

JB(p,2t)\B(p,Z) £ 


n(2n-l) . n(2n-l) n(2n-l) 

< < Ce^^~ , 


since £o < C e n , | V 77 I < Vol(B(p, 2£) \ B(p,£)) < C£ n and |0| < on B(p,2£), as well 


as 


/(f)* <C'e*r. 

Therefore 


' M 


l^ £ d 


< £”“ V/ 1+ ^ 


1 + Ce ^ 1 


= £ n_1 n 2 J 1+ " [l + o^"- 1 )] , 


where I := f Rn f n . 
If we set 

we have 


u := (^ 0 ,^ 1 ) , 


Ke(DV>f,V’f)|s(p,{) = 3 fJe < ± “'/’(“) 5 + 1 (l =F J)-^o,/(^) S (lT^)-^oT£oV’ 1 ) 

= ±-f(-) n - - so /(-) f+1 3?e(u) ± -eo /(-)^ +1 »e<- • Vo, Vi> 
£ £ £ £ £ £ £ 

and hence, since by symmetry the last term vanishes when integrating over £?(p, £), we have 


'B(p,t) 


K e(Dip±,ip±) = n£ 


n— 1 


± 


/ /(r) 71 - 3?e(u)£ 0 / /(r) 2 +1 


Moreover, 


Since 


/* /*+oo 

/ f(r) n = I-u n . 1 r n-1 /(r)"dr 

Jb(vA) H 


>B(p, I) 
/*+oo 


/*+oo 

'VM^dr < / i 


r -(n+ 1 ) dr < CeETT 


and since £q ~ £ n 1 when e —> 0 , we have, for Ke(u) < 0, 


'B(p,S) 


, ipe) > n £ n 1 / — Co 3?e(i^)£ n 1 + o(e" ) 


and for 5fte(u) > 0, 


where 


We also have 


B(p,Z) 


$te(Di/j e ,i/j s ) > ri£ n I + Co 3?e(u)£ n 1 + o(e" ) 


C 0 = [ f(rp +1 

JR n 


(9) 


( 10 ) 

(11) 


V , ?)|B(p,2f)\B(p,5) = 5Je(±e 0 V?7 • 0 + /(^)* V77 • Vo, =F£o(V - + vf(p 3 Vo) 

= 5Re(±E 0 V?y ■ 9 + f(-)%X 7 ri ■ i/jo, T£o V’) 
e 
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since Ke(V ?7 ■ 9,0) = 0 , Ke(V ?7 ■ xp 0 , xp 0 ) = 0 and 

5Re(V?y • ipo, 9) + Ke(V ?7 • 9, xpo) = 5Re(V?y • xpo, 9) — 5fte(V?7 • xpo, 9) = 0 . 

Now, we write that on B(p, 2£) \B(p,£), £o\xp\ < C£ ra_1 £ _ ( n_1 ), £o|V?7||0| < Ce n ~ l and /(|)^|Vr?| < 
Ce n ~ 1 . This leads to 


which yields 


Therefore, since 


^e(Dx/jt,xPt) lB{pM) \ B{M) < Cs 2n - 2 e~ n , 

$le(Dxpf,ipf) = 0(£ 2n ~ 2+ ^ t ) = o(e 2n ~ 2 ) . 


/ B(p, 2 £)\B(p,£) 


3?e(DV’^,V’^)|M\B(p,2{) = 0 , 

from Equations (HI, (HU, (El), we have for 5fte(p) < 0, 

/ 3£e(£»i/;+, i/>+) > n£ n ~ l l\l - C 0 + o(e n - 1 ) 


and for 5Re(p) > 0, 


/M 


— / 3f le(Dxp e ,xp e ) > n£ n 1 I 1 + Co 3?e(p)£ n 1 + o(£ n ) 

L 


Together with ©, we then have, for 5fte(V) < 0, 


and for 5fte(V) > 0, 

For £ small enough, we obtain 


< nln 


1 + o(£ n 1 ) 


1 — Co 3fJe(p)£ n_1 + o(£ n_1 ) 
l + o^”" 1 ) 

1 + Co 5Re(p)£ n_1 + o(£ n_1 ) 


( 12 ) 


J(i/>+) < nl" and — J(i/> e ) < n/" 

Recall now the following fact: let p be any point of the round sphere § ra . Then E> n \ {p} is isometric to 
R" with the metric 

9 S = 4/ Peucl • 

Therefore 

2 "/ = [ 2 "/" = Wn , 

JR" 

which yields, for 5fte(iz) < 0 (resp. for ■fte(i') > 0) 


J^Pt)< 2 W « ( res P- ~ J (^ ) < 2 ) ' 

Hence, by © and ©, the proof of Theorem ED is now complete. 


□ 


4. Proofs of Theorems 1 1.21 and I l.dl 

Let p £ M. Up to a conformal change of metric, we may assume that g is flat near p. Assume that the 
mass endomorphism a p possesses a non-zero eigenvalue u. Let xpo £ E P (M) be an eigenvector associated 
to v. Then, we set 

Ip = -U> n -iG D (x,p)lpO 

The spinor field xp then satisfies the assumptions of Theorem IT II with xpi = vxpQ. Theorem Id.II implies 
that if v > 0 then A+ in (Af, g,9) < j u>£ and if v < 0, A min (AL, g, 6) < This proves Theorem II. 21 

Now, if n ^ 3 mod 4, the spectrum of the mass endomorphism is symmetric and hence if a p ^ 0, v can 
be chosen positive or negative. This proves Theorem II dll 
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